2 Dimensional System of 1*-Order Differential Equations

Example:
X' =-2y
Y =%x

Both x(t) and y(t) are functions with the variable t.
We want to solve this system for both the function x and the function y.

Since the system that we are given is a first order system already, we do not need to transform it into a
system of 1 order differential equations using the previous method. It is called 2-dimensional because
we have started off with 2 functions x and y.

Step 1: get a differential equation which only has x's and no y’s in it, and solve for x
X' = =2y = =2(%x) = —x
X +x=0
242=0, A=+i
x(t) = cysint + ¢, cost
Since ¢, and ¢, are arbitrary constants, we can in fact determine them by
¢, =C-sina
¢c;=C-cosa
where C is some constant and a is some angle.
x(t) = Csinasint + Ccosacost = C cos(t — a)

Step 2: get a differential equation which only has y’s and no x’s in it, and solve fory

x'=-2y
14
y=—3x
x'=—cycost +c,sint = —Csin(t — a)
y(t) = —-—[ cpcost + ¢y sint] = -[c1 cost — ¢, sint]

OR y(t) = ——[ Csin(t —a)] = —sm(t —-a)
Step 3: figure out what the slope field of the system would look like

To do this, we need to find some relationship between x and y. Now since they are both trig
functions (sin and cos), we can use the following relation: sin® x + cos?x = 1

x2 y? CZcos?(t—a) (C/2)?sin?(t —a) - i
((3/2)2 c? (C/2)? = sin?(t —a) + cos?(t—a) =1
Thus, we get
x2 yz
F+—=1
(€/2)?

which is the equation of an ellipse which is twice as wide as it is tall and whose center is the
origin. Notice as we pick different C's we will get dlfferent solutions, but the general shape of

the relationship will be the same. Y A
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Suppose now that we want the particular solution of the system at x(0)=2 and y(0)=0
Step 1: solve for c; and ¢, in our equations of x and y (this is easier than trying to find C and a)

x(t) = ¢y sint + ¢, cost
x(0)=c;'0+c:1=¢c, =2
So we have that
x(t) = c¢ysint + 2 cost
Next we consider y:

c c
y(t) =2 cost —2sint

Zc 2
y(t) = %cos t —sint
€1 €1
y(O)—-?'l—O—-?—O
So we get that
y(t) = —sint
And
x(t) = 2cost

Looking at a graph of the x and y function we can see their actual movement:
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If we want to see how the x and y move in relation to each other, would need to find C
C=2 because
O0=c; =C - sina
2=c, =C-cosa
ThenC=2anda=0

Which gives us
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